Spectral radius of digraphs with given dichromatic number  by Lin, Huiqiu & Shu, Jinlong
Linear Algebra and its Applications 434 (2011) 2462–2467
Contents lists available at ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
Spectral radius of digraphs with given dichromatic number<
Huiqiu Lina, Jinlong Shua,b,∗
a
Department of Mathematics, East China Normal University, Shanghai 200062, China
b
Shanghai Key Laboratory of Trustworthy Computing, East China Normal University, Shanghai 200241, China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 15 December 2010
Accepted 29 December 2010
Available online 22 January 2011
Submitted by R.A. Brualdi
AMS classification:
05C50
Keywords:
Spectral radius
Dichromatic number
Let D be a digraph with vertex set V(D). A partition of V(D) into k
acyclic sets is called a k-coloring of D. The minimum integer k for
which there exists a k-coloring ofD is the dichromatic numberχ(D)
of the digraph D. Denote Gn,k the set of the digraphs of order nwith
the dichromatic number k  2. In this note, we characterize the
digraph which has the maximal spectral radius in Gn,k . Our result
generalizes the result of [8] by Feng et al.
© 2011 Published by Elsevier Inc.
1. Introduction
Throughout the note, we consider finite, simple strongly connected digraphs, i.e. without loops and
multiple arcs. We use standard terminology and notation and refer to [1] for an extensive treatment
of digraphs.
Let D be a digraph. A vertex set A ⊆ V(D) is acyclic if the induced subdigraph D[A] is acyclic.
A partition of V(D) into k acyclic sets is called a k-coloring of D. The minimum integer k for which
there exists a k-coloring of D is the dichromatic number χ(D) of the digraph D. The above definition
of the dichromatic number of a digraph was first introduced by Neumann-Lara [7]. The same notation
was independently introducedmuch later byMohar when considering the circular chromatic number
of weighted (directed or undirected) graphs [12]. The dichromatic number of digraphs was further
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investigated in [3]. Clearly, ifG is anundirected graph, andD is thedigraphobtained fromG by replacing
each edge with the pair of oppositely arcs joining the same pair of vertices, then χ(D) is the same as
the usual chromatic number of the undirected graph G since any two adjacent vertices in D induce a
directed cycle of length two. Let [A, B] denote the arcs between A and B and δ− denote the minimum
in-degree of D. Let Gn,k denote the set of digraphs of order nwith the dichromatic number k  2, Tn,k
denote the digraphs with V(Tn,k) = V1 ∪V2 ∪ · · ·∪Vk , where each Vi (i = 1, 2, . . . , k) is a transitive
tournament and [Vi, Vj] = {visvjt, vjtvis : vis ∈ Vi, vjt ∈ Vj} and T.n,k denote the digraph in Tn,k with
||Vi| − |Vj||  1.
For a digraph D = (V, E), two vertices are called adjacent if they are connected by an arc. If there
is an arc from vertex u to vertex v, we indicate this by writing uv, call u and v the head and the
tail of uv, respectively. D is strongly connected if for every pair x, y ∈ V(D) there exists a directed
path from x to y and a directed path from y to x. Let A(D) denote the adjacency matrix of D whose
vertex set is {v1, . . . , vn} is the n × n matrix whose entry aij is defined as aij = 1 if vivj ∈ E and
aij = 0 otherwise. and let ρ(D) denote its spectral radius, the largest modulus of an eigenvalue of
A(D). It follows from the Perron–Frobenius Theorem (see, e.g. [15]) that ρ(D) is an eigenvalue of D and
that there is a corresponding eigenvector whose coordinates are all non-negative. In [8], Feng et al.
proved that the Turán graph has the maximal spectral radius among the undirected graphs of order
n with the chromatic number k. The spectra of undirected graphs are well treated in the literature,
see [2,6,9,11,14,16,17], but there is not much known about digraphs. Recently, Mohar in [13] gave an
lower bound of spectral radius of digraphswith given dichromatic number. Brualdiwrote a stimulating
survey on this topic [5], and we refer the reader to that article for additional information.
In this paper, we prove that in Gn,k the digraph T.n,k has the maximal spectral radius.
2. Maximal spectral radius of digraphs with given dichromatic number
Before proceeding, we cite a known result as our lemma (see, for example [4, Exercise 10.1.4]).
Lemma2.1. Let D be a digraphwith no directed cycle. Then δ− = 0 and there is an ordering v1, v2, . . . , vn
of V(D) such that, for 1  i  n, every arc of D with head vi has its tail in {v1, v2, . . . , vi−1}.
If A(D) is irreducible, then ρ = ρ(D) is an eigenvalue of A(D) whose algebraic and geometric
multiplicity is one, and its eigenvector x and its left eigenvector y are both positive, cf. [10, Theorem
8.4.4]. This fact is used in the Perron–Frobenius Theory to derive the following stronger monotonicity
property of the spectral radius.
Lemma2.2. LetDbea strongly connecteddigraphandD′ beaproper subdigraphofD. Thenρ(D′) < ρ(D).
Let D be a digraph of order n with χ(D) = k. If k = 1, then D is acyclic and thus we get all the
eigenvalues of D are 0, which implies all the digraphs with χ(D) = 1 having ρ(D) = 0. Therefore, in
the following we will consider the case when k  2. By the definition, D has k-color classes and each
is an acyclic set. Suppose the k-color classes are V1, V2, . . . , Vk have order n1, n2, . . . , nk . Without
loss of generality, we suppose that n1  n2  · · ·  nk . By Lemma 2.2, we know that the addition of
arcs will increase the spectral radius. By Lemma 2.1, we get that every acyclic digraph D has a proper
labeling such that A(D) = (aij), where aij = 0 if i  j and aij = 1 if vivj ∈ E. Therefore, we know that
the digraphs which achieve the maximal spectral radius must the digraphs in Tn,k. Next we show that
the digraph T.n,k has the maximal spectral radius in Tn,k .
Theorem2.3. Let D be a digraph of Tn,k. V(D) = V1∪V2∪· · ·∪Vk, where |Vi| = ni and Vi is a transitive
tournament (i = 1, 2, . . . , k) (see Fig. 1)F1 and ordered as n1  n2  · · ·  nk. Then ρ(D)  ρ(T.n,k)
with equality holds if and only if D = T.n,k.
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Proof. Let D be an arbitrary digraph in Tn,k and ρ(D) be the spectral radius of D. Since each Vi is a
transitive tournament, we give a vertex ordering {vi1, vi2, . . . , vini} such that vivj ∈ E, for all i < j.
Suppose that x = (x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , . . . , xk1, xk2, . . . , xknk) is a Perron vector of D
corresponding to ρ(D), where xij corresponds to v
i
j for each 1  i  k and 1  j  ni.
Claim 1. xi1 > x
i
2 > · · · > xini .
ρxij = S + xij+1 +
ni∑
t=j+2
xit,
ρxij+1 = S +
ni∑
t=j+2
xit,
where S = ∑m =i,j∑nmt=1 xmt . Hence we have
(ρ + 1)xij+1 = ρxij,
which implies xij+1 < xij . Therefore, Claim 1 holds.
Claim 2. x1i = x2i = · · · = xki , 1  i  nk .
By induction on i, first we show that it holds when i = 1.
ρxs1 =
ns∑
t=2
xst + xl1 +
nl∑
t=2
xlt + S,
ρxl1 =
nl∑
t=2
xlt + xs1 +
ns∑
t=2
xst + S,
where S = ∑m =s,l∑nmt=1 xmt . Then we have
ρxs1 − ρxl1 = xl1 − xs1,
that is, xs1 = xl1, for 1  s = l  k.
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Fig. 2.
Nowwe suppose it holds for all i < N  nk , that is, x1t = x2t = · · · = xkt for each t ∈ {1, 2, . . . ,N−
1}. Next we will consider the case when i = N, we have
ρxsN =
ns∑
t=N
xst +
N−1∑
t=1
xlt + xlN +
nl∑
t=N
xlt + S,
ρxlN =
nl∑
t=N
xlt +
N−1∑
t=1
xst + xsN +
ns∑
t=N
xst + S,
where S = ∑m =s,l∑nmt=1 xmt . Hence we have
ρxsN − ρxlN = xlN − xsN,
that is, xsN = xlN , for all 1  s = l  k. Therefore, Claim 2 holds.
IfD  T.n,k, then there existni, nj such that |ni−nj| > 1.Without loss of generality,we suppose that
ni  nj + 2. By Claim 1, we know that xini < xini−1 < · · · < xi2 < xi1, so let D′ = D− {vini vjt} + {vini vil}
(see Fig. 2),F2 t = 1, . . . , nj and l = 1, 2, . . . , ni − 1. Then we have D′ ∈ Tn,k. Let ρ′ denote the
spectral radius of D′. We have
ρ′ − ρ  xt(A(D′) − A(D))x
= xini
ni−1∑
t=1
xit − xini
nj∑
t=1
x
j
t . (1)
By Claim 1 and Claim 2, we have
(1) = xini
ni−1∑
t=nj
xit > 0,
that is, ρ′ > ρ .
Weperformtheaboveoperationasmany timesaspossibleuntil there isnoVi ,Vj such that |ni−nj| 
2, which means the maximal spectral radius of Tn,k is achieved only at T.n,k . 
Combining Lemma 2.2 with Theorem 2.3, we may present our main result:
Theorem 2.4. The digraph T.n,k is the unique digraph which has the maximal spectral radius among all
digraphs in Gn,k.
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Remark 2.5. Let n = knk + t, that is, n1 = n2 = · · · = nt > nt+1 = · · · = nk . By the proof of
Theorem 2.3, we have (ρ + 1)xij+1 = ρxij and x1i = x2i = · · · = xki =
(
ρ
ρ+1
)i−1
x11, 1  i  nk and
x1nk+1 = · · · = xtnk+1 =
(
ρ
ρ+1
)nk
x11. Hence we get
ρx11 = (k − 1)x11 + k
nk∑
i=2
x1i + txnk+1,
that is,
(k − 1)(ρ − 1)(ρ + 1)nk − kρnk(ρ + 1) + (n − knk)ρnk = 0.
LetTn,k denote theTurángraph.Thechromaticnumberχ(G)ofaundirectedgraphG is theminimum
number of colors such that G can be colored in a way such that no two adjacent vertices have the same
color. If G is a undirected graphwith chromatic numberχ(G) = k (k  2), thenwe have the following
corollary:
Corollary 2.6 [8]. Let Gn,k be the graphs of order n with the chromatic number k (k  2). Then the graph
Tn,k is the unique graph which has the maximal spectral radius among all graphs in Gn,k.
Proof. Let G be a graph of Gn,k which has the maximal spectral radius. Since each edge of G can be
seen as a 2-dicycle, thus G is also a digraph. Hence by the definition of dichromatic number, we have
each color class of G is an independent set. Let V1, V2, . . . , Vk be the k-color classes of G where each
Vi is an independent set with |Vi| = ni and [Vi, Vj] = {vivj|vi ∈ Vi, vj ∈ Vj}.
Suppose that x = (x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 . . . xk1, xk2, . . . , xknk) is a Perron vector of G cor-
responding to ρ(G). xij corresponding to v
i
j for each 1  i  k and 1  j  ni. By symmetric, it is
easy to see that xi1 = xi2 = · · · = xini for i = 1, 2, . . . , k. If G  Tn,k, then there exist ni, nj such that
nj − ni  2.
Claim. xi1 > x
j
1.
ρxi1 = S +
nj∑
t=1
x
j
t = S + njxj1,
ρx
j
1 = S +
ni∑
t=1
xit = S + nixi1,
where S = ∑l =i,j∑nlt=1 xlt . Hence, we have (ρ + ni)xi1 = (ρ + nj)xj1, that is, xi1 > xj1. Therefore, the
Claim holds.
Let G′ = G + {vj1vjt} − {vj1vil}, t = 2, . . . , nj and l = 1, . . . , ni and ρ′ denote the spectral radius of
G′. Then G′ ∈ Gn,k and we have
ρ′ − ρ  xt(A(D′) − A(D))x
= xi(nj − 1)xj − nixixj = xixj(nj − 1 − ni) > 0,
which contradicts to G has the maximal spectral radius in Gn,k. Therefore we complete the proof. 
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